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Summary. This study examined how assortat ive mat ing  
(without selection) based on l inear  combina t ions  of  
two traits could be used to change genetic parameters  
so as to increase efficiency of  selection. The efficiency 
of  the Smith-Hazel index for improvement  o f  mul t ip le  
traits is a function of  phenotypic  and genetic var iances  
and covariances, and of  the relative economic values o f  
the traits involved. Assortat ive mat ing  is known to 
change genetic variances and covariances.  Recurs ive  
formulae were derived to obtain these variances and co- 
variances after t generations of  assortative mat ing  on 
linear combinations (mating rules) of  phenotyp ic  val- 
ues for two traits, with a given correla t ion be tween 
mates. Selection efficiency after t generat ions of  assor- 
tative mat ing  without  selection was expressed as a 
function of  random mating genetic parameters ,  eco- 
nomic values, the mating rule, and the corre la t ion be- 
tween mates. Selection efficiency was max imized  with 
respect to the coefficients in the mat ing  rule. Because 
the objective function was nonlinear ,  a compute r  rou-  
tine was used for maximizing it. Two cases were con- 
sidered. When random mating her i tabi l i t ies  for the two 
traits were hx 2 = 0.25 and hZy = 0.50, the genetic corre- 
lation r x u  and the economic values were 
ax = 3 and av = 1, continued assortative mat ing  based  
on the optimal mating rule for 31 generat ions (with a 
correlation of  0.80 between mates) increased selection 
efficiency by 29%. Heri tabi l i t ies  changed to 0.38 and 
0.66, respectively, and the genetic correla t ion became 
- 0.79. When hx 2 -= 0.60, h,} = 0.60, rxy = - 0.20, al = 1 
and a 2 = l ,  36 generations of  cont inued assortat ive 
mat ing with the opt imal  mat ing rule increased the effi- 
ciency of  selection by 17%, her i tabi l i t ies  became h~ = 
h~ = 0.71, and the genetic correlat ion changed to 0.25. 
Only three generations of  assortative mat ing  were re- 
quired to change the sign of  the genetic correlat ion.  
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Introduction 

Assortative mating is a process of  choosing mates  f rom 
a population such that a correlat ion between the 
phenotypic values of  individuals  in a mat ing  pa i r  is 
induced. 

Jennings (19i6) studied the consequences of assortative 
mating with a single locus-two alleles model, with and without 
sex linkage. Wentworth and Remick (1916), working with a 
single locus-two alleles model, with and without dominance, 
derived formulae relating gene frequencies at generation n of 
continued assortative mating to gene frequencies in the ran- 
domly mating base population. Fisher (1918) and Wright 
(1921) examined the consequences of assortative mating for a 
polygenic trait. While Fisher's (1918) results were asymptotic 
in the number of loci, Wright (1921) obtained formulae for a 
finite rmmber of gene pairs assuming equal gene effects and 
gene frequencies at each locus, and no dominance. Crow and 
Felsenstein (1968) extended Wright's ideas to include do- 
minance and unequal gene effects and gene frequencies. 
Bulmer (1980) reproduced Fisher's (1918) results in a much 
simpler way by using normal distribution theory. 

These workers showed that positive assortative mating, 
starting from a randomly mating population of infinite size, 
increases the additive genetic variance and the degree of 
homozygosity. The increase in additive genetic variance is 
larger than the one accruing under inbreeding. However, the 
increase in homozygosity is lesser than with inbreeding. This 
is explained by the fact that while inbreeding causes a positive 
correlation between homologous genes only, positive assorta- 
tive mating also induces a positive correlation between non- 
homologous genes (Crow and Kimura 1970). 

Latter (1965) studied the consequences of assortative 
mating for a trait X on estimates of heritability of X and of a 
correlated trait Y, and on the estimated genetic correlation 
between X and Y. Gianola (1982) further examined the effect 
of assortative mating on the genetic correlation. He showed 
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that positive assortative mating increases the absolute value of 
the equilibrium genetic correlation and negative assortative 
mating decreases it. Assortative mating for trait X, however, 
does not change the sign of the equilibrium genetic correlation 
between X and Y (Gianola 1982). His study also considered 
"mixed" assortative mating, a system that causes a phenotypic 
correlation between two different traits in the mating pair. 
Males and females are ordered on the basis of traits X and Y, 
respectively, and then mated assortatively. Gianola (1982) 
showed that "mixed" positive assortative mating increases the 
genetic correlation and negative assortative mating decreases 
it. 

The objective of  this study was to examine con- 
sequences of assortative mating (without selection) 
based on linear combinations of  traits (mating rules), 
and to illustrate how these mating rules could be used 
to maximize efficiency of  selection, after t generations 
of  assortative mating. 

Assortative mating on linear comb in a t ion s  
of  two traits 

Consider the linear functions 

I M =  CX M X M q_ GyM y M ,  

and 

i F = CX F X F _~. C F y V ,  

where (X M, yM) and (X F, y F )  a r e  the phenotypic  val- 
ues of  traits X and Y measured in each of  two in- 
dividuals in a mating pair;  M and F indicate male and 
female individuals, respectively. The functions I M and 
I F will be referred to as mating rules; the coefficients 
c~, C~y, Cx F and c~ are real numbers.  Assortative mating 
on I M and I F encompasses "classical" assortative mating 
(Cx M = Cx v = 1, cy M = c F = 0) and "mixed"  assortative mat-  
ing (Cx M = c F = 1, C y - - C X  = M -  F 0). 

The consequences of  assortative mating based on 
rules I M and I F can be studied in terms of  the develop- 
ments presented by Bulmer (1980) and Gianola  (1982). 
Bulmer (1980) considered a trait determined by a large 
number of loci without epistasis, and showed that  as- 
sortative mating does not affect the distribution of  
dominance or environmental effects. Thus, only the 
effect of  assortative mating on the additive genetic 
component of  variance needs to be examined. 

The additive genetic values of  an individual for 
traits X and Y can be written as 

1 M 1 F 
A~ = T A x  + T A x +  ex (1) 

and 

A o = I  M I F T A y  + T A y  + e v  (2) 

where: 
A~ (A~ is the additive genetic value of  an indi- 

vidual for trait X (trait Y); A M and A F (A M and A F) are 

the additive genetic values of the individual 's  parents 
for trait X (trait Y); and ex (ev) is a random variable 
that accounts for the within-sibship genetic variance 
for trait X (trait Y). When the number  of  10ci is large, 
the joint distribution of A M, Ax F and ex approaches  
multivariate normality, and ex becomes independent  
of  A M and A F (Bulmer 1980). Further,  the variance of 

I " i v~,(o) ei (i = X, Y) is equal to T V~,(0), where is the ad- 
ditive genetic variance for the i th trait in a random-  
ly mating population (Bulmer 1980). Likewise, 

' CovX~0) where CovX('~)is the addi- Coy (ex, ev) = 7 
tive genetic covariance between traits X and Y in a 
randomly mating population (Gianola 1982). 

The following recursive relationships can be ob- 
tained from (1) and (2) 

V~( t+ l )  I i 1 1 = T VX(t) + 7 Coy (AM, AiF) + T V1A(0) ; (3) 

and i = X, Y 

XY I XY + C o v  (A M, A F) COVA(t+ 1) ~--" T COVA(t) q- 

I 1 ~ XY (4) + ~ Coy (Ay M, A~) + T ~OVA (0) 

w h e r e  ViA(t) is the additive genetic variance for the i th 
XY trait at generation t of assortative mating and COVA(t) is 

the additive genetic covariance between traits X and Y 
at generation t (Bulmer 1980; Gianola  1982). The co- 
variances between Ai M and A~ (i, j = X, Y) can be ob- 
tained by writing A~' as 

Coy (Ai k, I k) 
Ai k = ( Ik --/~k) + ek; k = M, F (5) 

Var (I k) 

where /-/k ~" E (Ik). The two terms in (5) are mutual ly  
uncorrelated and, therefore, mutually independent  un- 
der multivariate normality. Assuming that the co- 
variance between AM and A F (i,j = X , Y )  is entirely 
due to assortative mating on the basis of  I M and I F (see 
Appendix for further details), we can write 

Coy (ai M, a F) 

[ Coy (AM, I M) C o y  ( A f ,  I F) (IF__flF) ] 
= C o v  Var (I M) (I M - t tM),  Var (I F) 

Coy (AM, IM) �9 C o y  ( A f ,  I F) (6) 

= [Var (IN) . Var (IF)]�89 O, 

where e =  Corr (I M, IF),  is the correlation between the 
values of  the mating rule in members  of  a mat ing pair. 
Using (6) in (3) and (4) gives 

1 i 
VA(t+ l ) =  T VA(t) 

1 Coy (A M, IM) �9 Cov  (A F, I F) 1 i 

+ 2 [Var (IM). Var (IF)]~ 0 + - 2  - V~(~ 

i = X , Y  (7) 
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and 

xY 1 xv 1 
COVA it) 4 k-X)VA(t+ 1) = y  + - -  

When random mating is practiced, 0 = 0, and the sec- 
ond terms in (7) and (8) become zero. 

If random mating, is practiced after to generations 
of  assortative mating, the genetic variance in the next 
generation would be from (7) 

i _ I i ' 
VA(t0+ I) - -  ~" [VA(t0) + V)~ (0)]; i = X ,  Y .  

Further 
i _ 1 i 1 i I I i 

v~.(,o+2) - ~- [v~.(to+ ~) + V),(0 )] = ~- V~,(to) + (~- + ~-) VA(O), 

i =  X,Y. 
Thus, the genetic variance after to generations of  as- 
sortative mating followed by n generations of  r andom 
mating is 

VA(to+n) 1 n i 1 1 = ('~') V~(t0 ) -t- [-~- + X -I- . . .  + ( / ) n ]  ViA(0).  

i i From the above equation, as n --* 0 %  VA( to+n  ) ---+ YA(0)  �9 
CO" XY XY Similarly, as n ~ ~ ,  "A(to+n) ~ C0VA(0). The ap- 

proach to V~, (0) and x Y COVA(0) is rapid. For  example,  

V}k( to+4) -  I i 15 "wi - -  ~g -  V)~  (to) + ~ v A (0) , 

and 

XY l 15 C o v X ; ) .  COVA(t+4)  = I--6- CovAX~t0) "~ ~ "  

Construction of rules for assortative mating 

In dealing with multiple traits, plant and animal  
breeders often define an aggregate genotype or meri t  
function. This is usually written as a linear combina-  
tion of additive genotypic values for individual traits 
(Smith 1936; Hazel 1943; Henderson 1963). The breed- 
er's objective is to increase the expected value of  the 
merit function, by selection. For  the two-trait  si tuation 
discussed in this research, the unobservable aggregate 
genotype is defined as 

T = ax Ax + av Ay, (9) 

where the coefficients ax and ay are the relative eco- 
nomic values of  traits X and Y, respectively. 

Cochran (1951) showed that by ordering candidates 
for selection on the basis of  T = E (TIX,  Y) and then 
selecting the individuals with 7i" ->_ p, where p is a num- 
ber such that the proportion selected is c~, selection pro- 
gress is maximized over any other rule that selects a 
proportion ct. Bulmer (1980) has shown under  more  
general conditions that selection on the basis of  the 
conditional mean of the unobservable variable T given 
vectors x and y maximizes selection progress when a 
fixed number  of  candidates is selected. The efficiency 
of using T as a selection rule relative to direct selection 

[Cov (A M, IM) " Coy (AFy, I F) + C o v  (A M, IM) ' Cov (A~, IV)] 

[Var (IM) " V a r  (IF)] } 

1 ~ XY 
o + ~ -  ~ovA(o) �9 (8) 

on T is measured by 

Con" (T, "[') = [Var (T)/Var (T)]} (10) 

(Henderson 1963; Bulmer 1980). 
We propose to choose the coefficients (Cx M, cv M, 

c~, c v) in the mating rules I M and I F SO as  to  maximize  
Corr (T,T)t ,  the correlation between T and T after t 
generations of  continued assortative mating ( t=0 ,  1...). 
Assuming normality, the conditional mean  of  T given 
X and Y at generation t o f  assortative mat ing is cal- 
culated as 

T(t) = bx(0 (X - / t x )  + by(t)  ( Y -  #v) (11) 

where 

b = Ibx(t)] [vX0) 
XY 

kby( t ) J  [ C o v p ( t )  

Co xYl-1 CovX~t)] vv,) / . l a x  VAX(t) + a y  
xY �9 vY(0] l a y  VAY(t) d- ax COVA(t)] 

(12) 

In (12): Vp(t)X (vV(t)) is the phenotypic variance of  trait X 
(trait Y) at generation t of  assortative mating;  and 
CovpX(, Y) is the phenotypic covariance between traits X 
and Y at generation t of  assortative mating. Note that 
when t =  0, (12) reduces to the Smith-Hazel  selection 
index. Because assortative mating does not affect the 
dominance and environmental components  of  pheno-  
typic variances and covariances, the latter can be cal- 
culated at generation t of  assortative mat ing as 

V~ (t) = V ~  (t) q- V~ (o) - V ~  (o) ; i = X , Y  

and 
XY XY XY XY 

C o v p  (t) : COVA (t) -'}- C o v p  (0) - COVA (0) �9 

The correlation between T and T after t generations of  
assortative mating can be written as 

Corr (T, T)t (13) 

b2x(t) vX(t/+ 2 bx(t)by(t) CovX(t'~ + b2(t) Vv(t ~ 
= 2 X XY ax V~ (t) + 2 ax ay Coy A(t) + a,~ Y VA(t)  

Because of the form in which the coefficients o f  the 
mating rule enter into (13), an explicit solution for the 
cx M, c~, cx F, c F that maximize (13) cannot be obtained.  
However, Corr(Y,T)t  can be maximized numerical ly  
with respect to (cx M, cv M, c F, c F) using a compute r  al- 
gorithm for optimizing nonlinear functions. 

Numerical results 

Two hypothetical situations were considered to illus- 
trate the effect of  different mating rules on genetic 



230 R.L. Fernando and D. Gianola: Rules for assortative mating 

parameters. Solutions for the op t imum rules, in the 
sense of  maximizing Corr (T, ~i")t, were obta ined  using 
G R G ,  a F O R T R A N  program for opt imizing nonl inear  
functions using the Genera l ized Reduced Grad ien t  
Method (Lasdon et al. 1975). 

Case 1 

The parameter  values assumed for the random mat ing 
base populat ion were: her i tabi l i ty  of  trait  X (hx 2) = 
0.25; heritabili ty of  trait  Y (hv 2) = 0.5, and the genetic 
correlation between traits X and Y (rxu = - 0.6. Rela-  
tive economic values ax = 3 and ay = 1 were used to 
define T, the aggregate genotypic value, in (9). Wi th  
these parameters,  the relative efficiency of  T as a selec- 
tion rule with randomly mating parents,  is Corr  (T, T)0 
= 0.44. For assortative mat ing of  parents, the correla-  
tion between values of  the mat ing rules I M and I F in 
members of  a mating pair  was taken as ~ = 0.8. 

For a given mating rule, recursive appl ica t ion  of  (7) 
and (8) was used to obta in  equi l ibr ium values for hx 2, 
h~, rxv and Corr(Y, i" ) t .  T ime at equ i l ib r ium was 
arbitrarily defined as the generat ion t in which 
Corr(T,J?) t+10-  Corr (T , i " ) t  < 0.005. The number  of  
generations to reach equi l ibr ium,  the equ i l ib r ium ge- 
netic parameters "2 - 2 (hx, hv, txv) and the equi l ib r ium ef- 
ficiency of selection, Corr  (T,T) ,  were calculated for 
seven different mating rules (A, B . . . . .  G),  for the op- 
t imum rule at generation 50 of  assortative mat ing  (H), 
and for the Smith-Hazel  index used as a mat ing rule 
(I). These mating rules are described in Table  1. Mat-  
ing rules A and B correspond to posit ive assortat ive 
mating for traits X and Y, respectively. Rules C and D 
correspond to negative assortative mat ing for traits X 

and Y, respectively. Rules E and F correspond to posi- 
tive and negative "mixed"  assortative mating,  respec- 
tively. Rule G was for assortative mating on the sum of  
X and Y. Because the Smith-Hazel  index is a function 
of genetic and phenotypic variances and covariances,  
rule I was recalculated in every generation. 

Positive assortative mating (rules A and B) in- 
creased heritabili ty and decreased the genetic correla-  
tion as expected (Bulmer 1980; Gianola  1982). Posit ive 
assortative mating for trait  Y (rule B) increased the 
heritability of X more than positive assortative mat ing  
for trait X (rule A) itself. Rules A and B both increased 
selection efficiency. However, rule A gave a h igher  
efficiency and led to equi l ibr ium more rapid ly  than 
rule B. Although both 1] 2 and 1]-~ were lower with rule 
A than with rule B, selection efficiency was larger. This 
is explained by the effect of  a lower value of  txy  for 
rule B than for rule A, with T defined as 3Ax  + A y .  

However, if the merit  function is defined as T = A x ,  
selection efficiency at equi l ibr ium would be about  12% 
higher with rule B than with rule A. This i l lustrates 
that the effect of  a mating rule on equi l ib r ium selec- 
tion efficiency depends on the genetic parameters  in 
the random mating populat ion and on the def ini t ion of  
the aggregate genotype. Negat ive  assortative mat ing  
(rules C and D) reduced the heri tabi l i t ies  of  the two 
traits and increased their  genetic correlation. Efficiency 
of  selection decreased and equi l ibr ium was reached 
relatively rapidly. 

Positive "mixed" assortative mat ing (rule E) had 
effects similar to those of  negative assortative mating.  
This is because under the assumptions of  this s tudy a 
negative genetic correlation between the two traits and 
a positive correlation between phenotypic  values of  X 

Table 1. Equilibrium values of genetic parameters for traits X and Y, relative selection efficiency 
and number of generations to equilibrium for seven assortative mating rules a,b 

Coefficients of mating rule Equilibrium values 

C M C M C F C F fl 2 121y 2 r x y  C o r r  (T, T) Generations to 
equilibrium 

A: 1 0 1 0 0.306 0.528 -0.653 0.509 16 
B: 0 1 0 1 0.323 0.687 -0.743 0.469 22 
C: 1 0 - 1 0 0.221 0.486 -0.569 0.408 6 
D: 0 1 0 - 1 0.233 0.431 -0.547 0.437 2 
E: 1 0 0 1 0.227 0.469 -0.522 0.422 3 
F: 1 0 0 - 1 0.303 0.566 -0.708 0.503 20 
G: 1 1 1 1 0.251 0.524 -0.554 0.437 4 
H: 1 -0.96 1 -0.96 0.378 0.662 -0.788 0.573 31 
IC: . . . .  0.331 0.563 -0.704 0.535 23 

Random mating genetic parameters were hx 2 = 0.25, hy 2 = 0.50, r x y = -  0.60; relative economic 
values were ax = 3, ay = 1; Corr (T, T) = 0.443 
b The correlation between I M and I v values of individuals in a mating pair was • = 0.80 
c Coefficients of mating rule I (Smith-Hazel index) were recalculated every generation 
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and Y in mating pairs cause a negative correlation be- 
tween phenotypic values of the same trait. Likewise, 
negative "mixed" assortative mating (rule F) had ef- 
fects similar to positive assortative mating; ~2, 1],~ and 
Corr (T, T) were increased, and fxv was decreased. The 
number of generations required to reach equilibrium 
was as in positive assortative mating. 

Assortative mating on the sum of X and Y (rule G) 
led to increased heritability of X and Y, as it happened 
in the case of rules A, B and F. However, the genetic 
correlation increased, the effect being similar to those 
of rules C, D and E. The equilibrium selection effi- 
ciency was lower with rule G than with random mating 
in spite of the fact that 1:12, la 2 and ~xY all increased. 
Equilibrium was reached in 4 generations. 

The optimum rule (H) had effects similar to rules 
A, B and F: la~, t]~ and Corr (Y, T) increased and txY 
decreased. Equilibrium was reached only after 31 gen- 
erations of assortative mating. As expected, the in- 
crease in selection efficiency was largest with this rule, 
a 29% increase over the random mating value. Rule H 
yielded the highest values for h 2 , l rxvl  and for the 
number of generations to equilibrium. 

As pointed out before, rule I involved using the 
Smith-Hazel index in ( i l )  for assortative mating. 
Equilibrium values with rule I were comparable to 
those obtained with rules A, B, F and H; 1712, la~ and 
Corr (T,'i') increased, txv decreased, and equilibrium 
was reached after 23 generations. Selection efficiency 
at equilibrium was somewhat lower than in the case of 
the optimum rule (H), but higher than with the other 
rules. 

Figures 1 - 4  depict the changes in h�89 h-~, rxu and 
Corr(T,T) with generations of continued assortative 
mating for the nine different rules considered in this 
study. In general, most of the change in these param- 
eters took place within the first 10 generations. For ex- 
ample, rules C, D, E and G reached equilibrium in less 
than 10 generations. While rule H was the slowest in 
reaching equilibrium (31 generations), about 85% of the 
total increase in selection efficiency was attained at 
generation 10. 

As discussed previously, the optimum rule (H) was 
obtained so as to maximize Corr (T, T)s0. In livestock 
improvement, the breeder may be interested in using a 
mating rule that maximizes selection efficiency for a 
smaller value of t. Fig. 5 depicts the change in 
Corr (T, "]') with generations of continued assortative 
mating for rule H and two other rules, J and K, that 
maximize Corr (T, T)s and Corr (T, "F)2, respectively. 
With rules H, J and K the values of Corr (T, T)z were, 
after round-off 0.487, 0.490 and 0.490, respectively. The 
values of Corr (T, T)s for H, J and K were 0.525, 0.535 
and 0.526, respectively, and those of Corr (T, T)s0 were 
0.573, 0.569 and 0.563, respectively. In view of the 

small differences between these correlations, it appears, 
at least in the case examined here, that long-term 
mating rules are also quasi-optimal in the short term. 

Case 2 

This example illustrates that index assortative mating 
can alter the sign of a genetic correlation. The random 
mating genetic parameters used were hx z=  h 2 = 0.60, 
and rxv = - 0.20; the relative economic values of traits 
X and Y were a x = a y  = 1. With these values, 
Corr(T,T)0=0.74. Assuming a correlation between 
individuals in a mating pair (q) of 0.80, five different 
mating rules were studied. These represented positive 
assortative mating (rule A), negative assortative mating 
(rule B), "mixed" positive assortative mating (rule C), 
"mixed" negative assortative mating (rule D) and the 
optimum rule (E). Because the two traits have the 
same heritability and economic value, positive and 
negative assortative mating for only one of the two 
traits needed to be considered. For the same reasons, 
the Smith-Hazel index and the optimum rule for 
mating were identical. Further, in this example, maxi- 
mization of Corr (T, T)t yielded the same rule irrespec- 
tive of the value of t. 
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Fig. 1. Change in heritability of trait X under continued as- 
sortative mating with mating rules A through I (see text); 
Q = 0.80. Random mating genetic parameters were h~ = 0.25, 
h~=0.5 and rxu relative economic values were 
ax = 3 and au = 1 
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Fig. 2. Change in heritability of trait Y under continued as- 
sortative mating with mating rules A through I (see text); 
0 = 0.80. Random mating genetic parameters where h~ = 0.25, 
h~=0.50 and r x u  relative economic values were 
a x = 3 and av=  1 
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Fig. 3. Change in the genetic correlation between traits X and 
Y under continued assortative mating with mating rules A 
through I (see text); O= 0.80. Random mating genetic pa- 
rameters were h~ = 0.25, h 2 =  0.5 and rxv = -  0.60; relative 
economic values were ax = 3 and a v = 1 

Table 2. Equilibrium values of genetic parameters for traits X and Y, relative selection efficiency 
and number of generations to equilibrium for five assortative mating rules a, b 

Coefficients of mating rule Equilibrium values 

c~ c~ c F c,~ fl~ la~, fxY Corr (T, T) Generations to 
equilibrium 

A: 1 0 1 0 0.808 0.617 -0.324 0.834 33 
B: 1 0 - 1  0 0.516 0.597 -0.170 0.720 3 
C: 1 0 0 1 0.605 0.605 -0.045 0.785 12 
D: 1 0 0 - 1 0.662 0.662 -0.464 0.716 10 
E: 1 1 1 1 0.705 0.705 0.248 0.866 36 

Random mating genetic parameters were h~ = 0.60, h-~= 0.60, fxv = -  0.20; relative economic 
values were ax = av = 1; Corr (T, T) = 0.739 
b The correlation between I m and I F values of individuals in a mating pair was assumed to be 
g = 0.80 

Equ i l ib r ium values of  genet ic  pa ramete r s  and  o f  
the relative efficiency o f  select ion and  the n u m b e r  o f  
generat ions to e q u i l i b r i u m  are g iven in  Tab le  2. As in  
case 1, posit ive assortative ma t ing  (rule A) increased  
la~, la~, and Corr  (T, q?), and  decreased the genet ic  cor- 

relation; 33 generat ions were requi red  to reach equ i l ib -  
rium. Negative assortative ma t ing  (rule B) gave equ i -  
l ibr ium results s imilar  to those of  case 1: la~, fi~, and  
C o r r ( T , T )  decreased, and txy increased;  e q u i l i b r i u m  
was reached in 3 generations.  The effects of  " m i x e d "  
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Fig. 4. Change in selection efficiency under continued assor- 
tative mating with mating rules A through I (see text); ~ = 
0.80. Random mating genetic parameters were h 2 =  0.25, 
h,~=0.5 and r x v = - 0 . 6 0 ;  relative economic values were 
a x = 3 and a v = 1 

positive assortative mating (rule C) on la 2, lqv 2 and 
txv were different from those of  "mixed"  positive as- 
sortative mating in case 1, and also from those of  nega- 
tive assortative mating in both cases (case 1: rules C 
and D; case 2: rule B). In case 1, "mixed"  positive as- 
sortative mating and negative assortative mating led to 
similar equilibrium values; an explanation for this was 
given. The main difference was that in case 2 "mixed"  
positive assortative mating (rule C) changed the sign o f  
the genetic correlation. Table 3 gives the  values of  hx z , 
h 2, rxv and Corr (T,T) for generations 0 through 5 
under rule C. The genetic correlation, al though in- 
creasing, remained negative through generation 2, and 
hx 2 and h 2 decreased. These trends were similar to 
those observed with case l (rules C, D and E), and 
case 2 (rule B). However, at generation 3 rxv became 
positive, and hx 2 and h 2 started to increase. At this 
point, because rxv > 0, a positive correlation between 
X and Y phenotypic values in members of  a mating 
pair causes a positive correlation between values of  the 
same trait. Thus, "mixed" positive assortative mating 
started to have effects similar to those of  positive as- 
sortative mating. Table 3 also depicts that Corr (T,'] ') 
continued increasing throughout  in spite of  the fact 
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Fig. 5. Change in selection efficiency under continued assor- 
tative mating with mating rules H, J and K (see text); ~ = 0.80. 
Random mating genetic parameters were h 2 = 0.25, h 2 = 0.5 
and rxy = - 0 . 6 0 ;  relative economic values were ax = 3 and 
av = l 

Table 3. Values of  genetic parameters of  traits X and Y and 
of the efficiency of  selection for generations 0 through 5 
under "mixed" positive assortative mating (Case 2, rule C) a 

Generation Values of genetic parameters 

hx 2 h,~ rxv Corr (T, T) 

0 0.600 0,600 -0.200 0,739 
1 0.588 0.588 -0.079 0.754 
2 0,590 0.590 -0.026 0.764 
3 0,593 0.593 0.001 0,770 
4 0.597 0.597 0.016 0.775 
5 0.599 0.599 0.026 0.778 

a Random genetic parameters, economic values and ~ as in 
Table 2 

that h 2 and h 2 decreased until reaching a min imum 
in generation 2. The reason for this is that  with 
T = A x + A y ,  the effect of  an increased genetic cor- 
relation on cor r  (T, T) was overriding over those of  de- 
creased h2x and h 2. 

5 5  



234 R.L. Fernando and D. Gianola: Rules for assortative mating 

"Mixed"  negat ive  assortat ive ma t ing  (rule D)  had  
the same effects as posi t ive assortat ive m a t i n g  (rule A) 
on lqx 2, lay 2 and txv,  b u t  the larger decrease in txy  
caused (~orr (T, T) to decrease. The  o p t i m u m  rule (E) 
was to assortatively mate  on the sum of  the pheno typ i c  
values for the two traits. This  p roduced  the largest in- 
crease in (~orr (T, i"), an  increase of  17% over r a n d o m  
mating. Assortative mat ing  on  the o p t i m u m  rule had  
the largest effect on the genet ic  correlat ion.  After  36 
generat ions of  con t inued  assortat ive m a t i n g  on  the op-  
t i m u m  selection rule, rxy changed  from - 0.20 to 0.248. 

Figures 6 th rough 9 depic t  the change  in h 2, h~,  
rxy and Corr (T, i") with genera t ions  of  con t inued  as- 
sortative mat ing  for each of  the 5 rules in case 2. 
Again, a large p ropor t ion  o f  the change  in genet ic  
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parameters took place within the first 10 generations. 
With rules C and E the genetic correlation changed 
sign in generations 3 and 2, respectively. Although 
Corr (T, T) decreased under  rule D compared with ran- 
dom mating, it increased somewhat after generat ion 6 
towards an equil ibrium value. This is explained by the 
antagonistic effects on Corr (T, T) of h~ and h2y increas- 
ing and rxu decreasing. 

The effects on genetic parameters of increasing the 
correlation between mates to Q= 0.95 were examined 
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tive mating with mating rules A through E (see text); 0 = 0.80. 
Random mating genetic parameters were hx 2 = 0.60, h~ = 0.60 
and rxv=-0.20;  relative economic values were ax = 1 and 
ay = l  

under the assumptions of case 2. Results are given in 
Table4  and in Figs. 10-13.  Changes in value of the 
genetic parameters were in the same direction as with 

= 0.8, but larger in magnitude except for rule B. With  
rule E the genetic correlation changed from - 0.20 to 
0.586 in 77 generations; 3 generations were required for 
the genetic correlation to change sign. 
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55 

Table4. Equilibrium values of genetic parameters for traits X and Y, relative selection efficiency 
and number of generations to equilibrium for five assortative mating rules a, b 

Coefficients of mating rule Equilibrium values 

Cx M cv M c~ cv F fl2x fa~ txv Corr (T, i") Generations to 
equilibrium 

A: 1 0 0 1 0.922 0.657 -0.497 0.922 97 
B: 1 0 - I  0 0.504 0.597 -0.166 0.718 3 
C: 1 0 0 1 0.615 0.615 0.108 0.800 19 
D: 1 0 0 - 1 0.700 0.700 -0.552 0.715 16 
E: 1 1 1 1 0.813 0.813 0.586 0.935 77 

a Parameters as in Table 2 
b The correlation between I M and I F values of individuals in a mating pair was 0 = 0.95 
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Conclusions 

As demonst ra ted  by the numer ica l  examples  considered 
in this study, the genet ic  va r i ance -cova r i ance  s t ruc ture  

of  a popula t ion  not undergo ing  select ion can be  m o d i -  

fied by assortative mating.  In par t icular ,  " m i x e d "  as- 
sortative mat ing and assortat ive ma t ing  based  on l inear  

combinat ions  o f  traits can change  the sign o f  a gene t ic  

correlation, e.g., render ing  a genet ic  r e l a t ionsh ip  f rom 

unfavorable  to favorable ,  or  vice versa. Assor ta t ive  

mat ing can also be used to increase select ion eff ic iency.  

The mating rule that  max imizes  ef f ic iency o f  se lec t ion  

can be calculated by numer ica l  techniques .  
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Fig. 13. Change in selection efficiency under continued as- 
sortative mating with rules A through E (see text); 0 = 0.95. 
Random mating genetic parameters were h i = 0.60, h2y = 0.60 
and rxy = -0 .20 ;  relative economic values were ax = 1 and 
a y =  1 

Fig. 11. Change in heritability of trait Y under continued as- 
sortative mating with mating rules A through E (see text); 
0=0.95. Random mating genetic parameters were h~=0.60, 
h2y=0.60 and r x y = - 0 . 2 0 ;  relative economic values were 
ax = 1 and ay = 1 

Fig. 12. Change in the genetic correlation between traits X 
and Y under continued assortative mating with rules A 
through E (see text); 0 = 0.95. Random mating genetic pa- 
rameters were hx 2 = 0.60, h~, = 0.60 and rxv = -  0.20; relative 
economic values were a x = 1 and av = 1 
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Results obtained here may not hold if assortative mating 
and selection are simultaneous. Baker (1973) studied a single- 
generation situation and found that if selection intensity was 
low and heritability high, assortative mating could increase 
response to selection but not more than 10%. DeLange (1974), 
in a simulation study, concluded that assortative mating may 
improve response to selection if heritability is high, the num- 
ber of loci controlling the trait large and selection intensity 
low. Work of McBride and Robertson (1963) with Drosophila 
melanogaster was in agreement with DeLange's (1974) find- 
ings. More experimental and theoretical work is needed to 
understand the implications of selection for single and mul- 
tiple traits in natural or domesticated populations undergoing 
assortative mating. 

Appendix 

Bulmer (1980) studied assortative mat ing under  the 
assumption that the phenotypic  values o f  ind iv idua ls  
in a mating pair  followed a b ivar ia te  normal  d is t r ibu-  
tion. This may  be a reasonable model  to represent  the 
distribution of  phenotypic  values of  mat ing  pairs  in 
natural populations. A further assumpt ion  made  by 
Bulmer (1980) was that the covariance between geno- 
typic values of  individuals  in mat ing pairs  was en- 
tirely due to the covariance between their phenotypic  
values, and that I M and I v were uncorrela ted to e M and 
e F in (5). The val idi ty of  this assumpt ion is shown in 
this Appendix. 

In experimental  work, assortat ive mat ing  is prac-  
ticed by mating males and females according to their  
ranked phenotypic values. Suppose the unordered  
phenotypic values of  males and females are normal ly  
distributed. Once the pairs are ordered,  nei ther  the 
joint  nor the marginal  dis tr ibut ions of  pheno typ ic  val- 
ues can be considered normal.  We now show that  I M 
and I F remain uncorrelated to e M and e F in o rdered  
pairs. Thus, from (5), the covariance between the geno- 
typic values of  individuals  in mat ing pairs  is ent irely 
due to their phenotypic  covariance. Let m (t) be the 
vector of  I M (I ~) values, and a m (~:f) be the vector  of  
e M (e F) values. In the case of  a polygenic trait,  before  
ordering (Bulmer 1980) 

u =  ~ N  Pf I a  2 0 0 (A1)  
, 2 0 0 I a ,  

k a r l  0 0 I a~ 

The ordering process can be descr ibed by 

m = P (m) m,  t = P (f) f ,  (A  2) 

and 

~M = P(m)  aM,  ~f= P(f )  af, (A3)  

where P (m)  and P(f )  are r andom pe rmuta t ion  ma-  
trices that rank the elements of  m and f, respectively.  

Let u~ = [ m ' ,  f'] and u~= [am, a(]. Now given Ul, 
P (m) and P (f) are not random and 

E (~MI hi) = P (m) E (am) = 0, (A4)  

E (~flul) = P( f )  E(sf)  = 0, 

Var (~rn !Ul) = p (m) P '  (m) a 2 = I a~, 

Var (~fl u j) = P (f) P '  (f) a 2 = I a 2, 

and 

COV (~m, ~f[ u l ) - - 0  

(A5) 

(A6)  

(A7)  

(A8)  

with (A6) and (A7) following from the or thogonal i ty  
of permutat ion matrices (Hohn 1973). It therefore  fol- 
lows that the condit ional  d is t r ibut ion  of  u2 given Ul is 
normal with parameters  given in (A4)  th rough  (A8)  
above (Bickel and Doksum 1977). Since the d is t r ibu-  
tion of  (ue[nl) does not depend on ul,  it follows that  
u2 is independent of  ul. Further ,  because rh and f are a 
function of  ul,  u2 is independent  o f  61 and f. 
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